The Lieb-Schupp inequality is the inequality between ground state energies of certain antiferromagnetic Heisenberg spin systems. In our paper, the numerical value of energy difference given by Lieb-Schupp inequality has been tested for spin systems in various geometries: chains, ladders and quasi-two-dimensional lattices. It turned out that this energy difference was strongly dependent on the class of the system. The relation between this difference and a fall-off of a correlation function has been empirically found and formulated as a conjecture.
Introduction
The list of general results on the area of quantum spin systems is not too large. Among them, there is a result due to Schupp [1] , establishing the inequality between a ground-state energies of an antiferromagnetic Heisenberg chains. (The simplest example is the difference 2Em+n and E2n + E2m, where E k is the ground state energy of the Heisenberg chain with k sites). Later on, this inequality has been extended to more general class of Heisenberg models [2] .
These inequalities are rigorous ones. They are based on the matrix inequality proved by Kennedy, Lieb and Shastry (KLS) [3] . Authors applied this inequality to proving the existence of the Long Range Order in a class of anisotropic Reflection-Positive d ≥ 2 quantum Heisenberg models. The KLS inequality has also been applied to establish certain properties of ground states of Hubbard models [4, 5, 6] as well as to prove the absence of orderings in Heisenberg models on pyrochlore lattices [7, 8] .
Although the Schupp inequalities between ground-state energies of Heisenberg models are rigorous, they do not give any information about the actual value of this difference. It would be very intersting to test how close to each other are both sides of the inequality. This was one of the goals of our paper: To test a numerical value of the difference between the both sides of the inequality.
We have tested this difference numerically. We used exact diagonalization procedure and in some cases the DMRG method. The ARPACK++ and ALPS packages have been used [9, 10] . We considered systems in various geometries: chains, ladders, and rectangles, up to 27 -28 sites 1 (exact diagonalization) and 200 -256 sites (DMRG). As a rule, the differences between both sides of inequality were very small. More quantitative considerations allowed us to pose certain conjecture between strength of spin correlations in the system and the difference between both sides of inequality.
The outline of the paper is as follows. In the Sec. 2, the ground-state energy inequalities have been formulated.
In the Sec. 3, the differences between both sides of inequality for various systems have been numerically tested. The chains, ladders, and rectangles in various geometries: square, pyrochlore and squares with crossing bonds, have been analysed. The results and their implications (both rigorous and conjectural) have been presented.
The Sec. 4 contains summary, conclusions as well as perspectives for future research.
Formulation of inequalities

Structure of the system
We consider finite lattice spin systems with all spins being finite, so all spaces are finite-dimensional and operator are matrices. We assume that all spins are identical (this assumption can be relaxed).
We consider system which can be divided into two subsystems: L ('left') and R ('right') parts. Corresponding division of the total Hilbert space H is:
where HL and HR are Hilbert spaces for the L and R subsystems, respectively. Let HL be the Hamiltonian of the L subsystem acting on HL, and analogously HR the Hamiltonian of the R subsystem acting on HR. They can be lifted to operators acting on the whole H:
Then, the Hamiltonian is of the following general form:
where HI is the 'interaction' Hamiltonian, acting on H.
Assumptions on Hamiltonian
Hamiltonians HL and HR are arbitrary spin-interaction Hamiltonians. The crucial assumption is the one concerning the interaction Hamiltonian HI . We assume [1] that it is the sum of antiferromagnetic Heisenberg interactions. More precisely:
Let A ⊂ L be some m−site subset of L: m = |A|. Let us write: A = {i1, i2, . . . , im}. Let us define SA being operator acting on HL: SA = m k=1 J k si k , where coefficients J k are real, and s is total spin operator:
. . , i m }, and define S A -an operator acting on HR:
(So, we can say that S A is a 'mirror image' of SA; but we do not assume that the L system is a mirror image of R system). Then we assume that the interaction Hamiltonian is of the form L R Figure 1 : Illustration of the structure of the interaction Hamiltonian. Interactions within L and R subsystems are arbitrary, but the interactions between them are antiferromagnetic, i.e. they have form (4).
The simplest example of A is one site; it leads to ordinary Heisenberg AF interaction. For A being two-site set, an example is the pyrochlore lattice. We will consider these two sorts of interactions.
Formulation of the main inequality
Consider now the following Hilbert spaces and systems ('LL' and 'RR' ones): HLL = HL ⊗ HL, HRR = HR ⊗ HR; (5) and Hamiltonians:
Let ELL be the ground-state energy of the Hamiltonian (6), ERR -the ground-state energy of (7) and ELR -the ground-state energy of (3) with (4). Under assumptions above, it has been proved in [1] that the following inequality between ground-state energies ELL, ERR, ELR holds: 3 Magnitudes of differences between two sides of inequality
In this Section we present results for one-half spin Heisenberg models in chosen geometries. We test numerically how close to each other are the two sides of inequality (8) .
We have examined the following systems: chains, ladders (square, pyrochlore and with crossing bonds) as well as rectangles.
The main numerical method we have applied are: ED (Exact Eiagonalization) as implemented in the ARPACK++ package, 2 based on Lanczos algorithm with Arnoldi modification [9] . We present results of exact diagonalization for systems up to 28 sites. The precision of the method is close to numeric limitation, which is 10 −14 .
Moreover, for chosen class of systems (chains and ladders) we have also applied the DMRG method as developed in the ALPS package. We considered systems up to 256 sites. However, the price paid was some lack of precision, but still it was about 10 −10 . We have checked that in all tested systems the inequality was fulfilled in the range of precision of the method (it must be so because the inequality is rigorous). However it turns out that the magnitude of difference between two sides of inequality strongly depend of the kind of the system under consideration. Below we present results we have obtained in more details.
Chains
In this subsection we present results of the analysis done for open chains. The coupling constant is equal to 1.
The results of exact diagonalization for chains of length up to 28 sites are presented in Table I in Appendix A. They are fully consistent with existing data for smaller chains (see for instance [11] ). We have also performed DMRG calculations for chains up to 200 sites. We have checked correctness of DMRG calculations by comparison with ED results wherever it was possible and they were identical within numerical precision.
To compare both sides of the Schupp inequality (8), let us denote by E k the ground-state energy for the k−site chain. Then the inequality (8) takes the form: (see Fig. 3 for illustration)
To better illustrate the results, let us rewrite the inequality (9) into the following form
and then slightly redefine ∆mn into
where L = m + n is the length of the initial chain, and d is a distance from the middle of the chain where we are making a slice. For example: in Fig. 3 we have L = 6 and d = 1.
In Fig. 4 we are making a plot of LHS of the inequality (11) . It is clearly seen that the larger systems are, the difference ∆ L are also greater than zero and have magnitude around 10 −1 . This behaviour is the same as claimed by the folk knowledge on the area of antiferromagnetic spin systems: For even number of spins, they exhibit tendence to be paired, so in general the average energy per spin is lower for systems with even number of spins than for systems with odd number. We confirm this rule for chains.
Remark. One can ask whether the inequality (9) inequality can be extended to the inequality
where m and n are odd numbers. The answer is no. For instance, we have (see Table I ): 2E6 = −4.97, E5 + E7 = −4.76, so the inequality (13) cannot be fulfilled in general.
Square ladders
The results of this subsection are based on exact diagonalization for ladders of length up to 14 (i.e. 28-sites systems) and DMRG results for ladders of length up to 126 (i.e. 252-sites systems). All coupling constants are equal to 1. The ED results are collected in Table II in Appendix A. 
Pyrochlore and ladders with crossing bonds
We test here another systems to which inequality (8) applies. They are: ladders with crossing bonds and 'pyrochlore' ladders. Simillarly to the previous cases of chains and open ladders, data were obtained using exact diagonalization and DMRG method. The ED results are collected in Table II in Appendix A.
Ladders with crossing bonds
For the ladder with crossing bonds, the horizontal and vertical couplings are 1, whereas diagonal couplings are equal to 1 2 . For details of the system division, see Fig. 7 .
Numerical results are presented in Fig. 8 . 
Pyrochlore ladders
For pyrochlores, all coupling constants are equal to 1, and This was motivated by the fact that for rectangular lattices of larger width, the inequality (8) applies when diagonal J d and horizontal/vertical J couplings satisfy: [2] . Fig. 9 shows a family of system divisions that was chosen. They exhaust all interesting possibilities; for details, see Appendix B.
Ground-state energies are collected in Table II , whereas values of ∆L (defined analogously as for square ladders) are illustrated in Fig 10. One can ask how the difference ∆ depends of the system size in the case of ladders. Figures 6, 8 and 10 suggest that in all cases this dependence is exponential one. We have fitted the data to exponential function:
The fit was moderately good for simple ladders (here α = 0.68(5)) and very good for 'crossed' (α = 0.541 (7)) and pyrochlore (α = 0.630(5)) ladders. The correlations tend to zero in algebraic manner for the chain, whereas for ladders, they fall-off exponentially.
We have checked that in all cases the decay of correlations was exponential one.
Such a behaviour is consistent with (extension of) Haldane rule [12] , [13] , [14] . On the other hand, it is well known that in the Heisenberg chain the decay of correlations is algebraic. So correlations for chains are stronger than for ladders, and it turns out that ∆ (d) L is larger for chains than for ladders.
We made also another observation. Namely, for some pyrochlore systems, the difference ∆
is equal to zero (within numerical precision), what means that the inequality saturates! It is a consequence of the fact that for pyrochlore systems, the addition of the pair of sites at the end of the ladder changes the energy by a constant value (equal to −0.75), independent of the ladder size (see Table II ). In this case, the correlation function of the boundary spin with all other spins is exactly zero (again within numerical precision). It would be very interesting to understand these facts theoretically.
Rectangles of width 3, 4 and 5
The results of exact diagonalization for small rectangular subsets of square, pyrochlore and square-with-crossing-bonds lattices are collected in the Table II. The differences between two sides of inequality are presented in Fig.  12 .
It can be seen that differences are larger for square lattice systems than for ladders and chains. It can be again related with behaviour of correlation functions, which are expected to tend for large distances to non-zero constant [17] , [18] . So the correlations are larger here, and the values of ∆ Figure 12 : Differences of energies for strips of width 3, 4 and 5
Some conjectures
Let us summarize our observations:
L is observed for i) all ladders and for pyrochlore as well as X lattice. The larger value of ∆ (d) L takes place for ii) chains, and the largest one -for iii) quasi-2d square lattice.
These results seem to be related with the behaviour of spin correlations in the system considered. For the i) case, the spin correlations Si · Sj tends to zero exponentially with the distance |i − j|. For ii), the fall-off of correlations has power law , whereas for iii), correlations are expected to tend to a constant It seems for us that this inter-relation can be true in the more general situations and we formulate the following conjecture.
Conjecture rough version. The faster fall-off of the spin correlations in the system, the smaller difference between two sites of the inequality (8) .
Conjecture more precise version for chains and ladders. If the falloff of the correlation function is exponential, then the difference ∆ L as a function of L also decreases according to the power law.
Summary
In the paper, the numerical value of Lieb-Schupp inequality has been tested for spin systems in various geometries: chains, ladders and quasitwo-dimensional lattices. The tools used were Exact Diagonalization (for all classes of systems up to 28 spins) and DMRG (for ladders and chains).
It has been checked that Lieb-Schupp inequality has been fulfilled in all cases (it must be so as this inequality is rigorous). But the value of difference between two sides of inequality ∆ L , the faster fall-off of two-point correlation functions. In some cases (pyrochlore ladders) the value of ∆ was equal to zero -i.e. the inequality saturates. In these cases, also certain correlation functions has been exactly equal to zero.
It would be very interesting to understand these facts theoretically. Moreover, in the cases where ∆ (d) L = 0 and correlation functions are equal to zero, perhaps it would be possible to construct the ground state of the system in the spirit of Matrix Product States [14] , [15] , [16] . Table II : Ground-state energies in quasi-two-dimensional systems: square, pyrochlore (two kinds) and X (square-with-crossing-bonds) lattices
Appendix B
The analysis of the Lieb-Schupp inequality in the case of the pyrochlore ladder system may seem to be a complicated task. First of all there exist two types of system -one that begin with the crossing bonds (denoted as A) and one that begin with simple bonds (denoted as B). Secondly the line of division initial system may go through a crossing bonds (like in the ladder with the crossing bonds) or through only vertical bonds (like in a simple square ladder case). Fortunately analysing data more closely and taking into account behaviour of a correlation functions allows us to choose only one family of possible divisions, which is equivalent to all others.
The goal of this appendix is to present an argumentation based of the empirical observations that the choice of this particular family of divisions is justified.
Observation 1 On the beginning let take a look on the systems of the even length. We will denote this systems with As and Bs, because they have a reflection symmetry -if the system beging with a crossing bonds (type A) it also end with a crossing bonds or if the system begin with a simple vertical bond (type B) it also end the same way.
Furthermore let denote by S1 a slice that goes through a simple vertical bonds and by S2 a slice that goes through a crossing bonds. Making plot of a value of ∆ (d) L for this families [ Fig.13 ] we notice that slices S1 and S2 can be treated during analyse as one family.
For an example in Fig. 9 we present system of the type As with slices of the type S1 in the top and bottom situations and of the type S2 in the middle situation. Observation 2 System of an odd length A is identical as a system B. Let denote this system as Aa to make is distinguished from As and Bs. From the data in Table II we can observe that adding two sites on the end of a system Aa (for example coming from 2 × 3 to 2 × 4 system or from 2 × 5 to 2 × 6 system) the ground state energy change by a constant value −0.75. It is also worth to notice that adding two spins on the edge of the Bs type system also change ground state energy only by the same constant. This observation is consistent with the fact that correlation of the edge spins in the type As systems is zero with every other spin in the system 3 . It is very easily to proof that if ground state energy of the system that ends with simple bond differs only by a constant from the situation, that this edge is extented with two spins to form a crossing bond, the value of ∆ The illustration on this may be seen in Fig. 13 where the Bs system can be extended to a system As by adding two sites on the both system edges. 3 But not between the two spins on the same edge.
